Abstract. In this paper we give a passage formula between different invariants of genus 3 hyperelliptic curves: in particular between Tsumine and Shioda invariants. This is needed to get modular expressions for Shioda invariants, that is, for example, useful for proving the correctness of numerically computed equations of CM genus 3 hyperelliptic curves.
Introduction
Having expressions for the j-invariant of an elliptic curve in terms not only of its coefficients but also in terms of theta constants or differences of its roots is useful for constructing elliptic curves with CM by a given order (or with a given number of points over a finite field) or for determining the reduction type of the elliptic curve. More precisely, let E K be an elliptic curve over a field of characteristic different from 2 and 3 in Short Weierstrass form y 2 = f (x) = x 3 + ax + b = (x − e 1 )(x − e 2 )(x − e 3 ).
Two such elliptic curves E and E ′ are isomorphic if and only if they have the same j-invariant, i.e., if and only if j(E) = j(E ′ ), that can be rewritten as an equality in a weighted projective space (a ∶ b) = (a ′ ∶ b ′ ) ∈ P 1 (2,3) . Recall the following expressions for the j-invariant: j(E) = 1728 4a 3 4a 3 + 27b 2 = −2 8 ⋅ 3
3 (e 1 e 2 + e 2 e 3 + e 3 e 1 )
3 (e 1 − e 2 ) 2 (e 2 − e 3 ) 2 (e 3 − e 1 ) 2 . It is well-defined because the denominators of these expressions are proportional to the discriminant of the elliptic curve and hence non-zero since an elliptic curve is by definition non-singular:
∆(E) = −16(4a 3 + 27b 2 ) = 16 disc(f ) = (e 1 − e 2 ) 2 (e 2 − e 3 ) 2 (e 3 − e 1 ) 2 .
Notice that this condition is also equivalent to the polynomial f having three different roots, that is, f defining a double cover of P 1 ramified in exactly 4 points. Assume now that K is a discrete valuation field with ring of integers O K , uniformizer π and valuation v, the elliptic curve E ∶ y 2 = x 3 + ax + b with a, b ∈ O K has good reduction modulo π if and only if v(∆(E)) = 0. More precisely, the following classical result holds:
Theorem 1.1. ( [Tat75] ) Let E K ∶ y 2 = x 3 + ax + b be an elliptic curve given by an integer model, i.e., a, b ∈ O K . Then:
(1) E has good reduction if and only if v(∆(E)) = 0.
(2) E has multiplicative (bad) reduction if v(∆(E)) > 0 and v(a) = 0. (3) E has additive (bad) reduction if v(∆(E)) > 0 and v(a) > 0. After a finite field extension, additive reduction always becomes multiplicative or good. (4) E has potentially good reduction if and only if 3v(a) ≥ v(∆(E)).
Intuitively, and in terms of the roots of f : if the 3 roots (4 if we count the point at the infinity) are different then we have good reduction (1). If e 1 ≡ e 2 ≡ e 3 mod π we have additive (bad) reduction (3) and after normalizing (maybe over a extension of K) we can get at least two roots with different valuation, so we fall in (1) or (2), and we distinguish those cases by the exact valuations of e i − e j as in (4). Finally, if e 1 ≡ e 2 ≢ e 3 mod π we have multiplicative bad reduction and nothing can be done to improve this, that is, in this case we have geometrically bad reduction.
Assume now that K = C. Then E is also a complex torus C Λ with Λ =< τ, 1 > for some τ ∈ H. We can then write the j-invariant as: (ϑ 1 ϑ 2 ϑ 3 ) 8 , where ϑ 1 , ϑ 2 and ϑ 3 are the three even theta constants of an elliptic curve defined as in [Akh90, 1.3, 4 .21]. We call this last expression a modular expression for the j-invariant, since it is given as a (classical) modular function of H for the modular group SL 2 (Z) {± Id 2 }, that is, as a meromorphic function of the modular curve X(1). This modular expression of the j-invariant is for example specially useful for computing Hilbert Class Polynomials of imaginary quadratic orders, that is, elliptic curves with given endomorphism ring. Hence, via de complex multiplication method, elliptic curves over finite fields with a given number of points.
1.1. Genus 2 curves. For genus 2 curves over a field of characteristic different from 2, i.e. curves given by an equation y 2 z 4 = f (x, z) with deg(f ) = 6 (we write f (x) = f (x, 1)), we have the Igusa invariants [Igu60] for binary sextics, defining invariants for genus 2 curves: Ig = (Ig 2 ∶ Ig 4 ∶ Ig 6 ∶ Ig 10 ). These invariants determine isomorphism classes: two genus 2 curves C, C ′ are isomorphic if and only if Ig(C) = Ig(C ′ ) ∈ P 3 (2,4,6,10) . We write Ig i (C) or Ig i (f ) indifferently when the model of the curve C is fixed and clear from the context. These invariants can be defined in terms of the differences of roots of f (x) [Cle] or as Siegel modular forms for H 2 with respect to the modular group Sp 4 (Z), see [Igu62, Igu67] .
The computation and implementation of Class Polynomial for quartic CM fields by using these modular expressions of the invariants are discussed in [Str14] . Since for genus greater than 1 the coefficients of Class polynomials are rational numbers and not integers, a bound for their denominators is needed for their exact computation: [BY06, GL07, Yan13, LV15] The reduction type and the description of the special fiber of the stable model of a genus 2 curve in terms of the valuation of its invariants is a beautiful result in [Liu93, Thm. 1].
1.2. Genus 3 curves. Curves of genus 3 may be non-hyperelliptic or hyperelliptic. In this paper we focus on the hyperelliptic case. For both families we have sets of projective invariants describing the isomorphism classes: Dixmier-Ohno invariants [Dix87, Ohn05] and Shioda invariants [Shi67] .
In this paper we are interested in giving modular expressions for invariants of hyperelliptic genus 3 curve. This is useful for solving the so-called inverse Jacobian problem: given τ ∈ H 3 a period matrix for a hyperelliptic genus 3 curve C we want to construct an equation of C. We can do this numerically as in [BILV16] . But if we want to get an exact equation (and prove its correctness) for a curve C let say defined over a number field K, we need to have a bound for the denominators appearing in the coefficients of the computed equation, or equivalently for the denominators of a set of invariants. For these, we need a good set of invariants, that is, a set of modular invariants for which we understand the meaning of having a prime dividing the denominator.
In this paper we present such a set of invariants, where the primes in the denominators are only primes of bad reduction which are bounded for the CM case: see [ [IKL + 19a] . Recall that (the modified) Coleman's conjecture [MO13, Conj. 4 .1] states that the number of non-superelliptic CM jacobians of fixed genus g is finite for g ≥ 4, hence the genus 3 case is important because it is the last case where there are infinitely many generic CM curves.
Regarding the reduction type of genus 3 curves, some progress are made in [LLLGR18] and [BKSW19] . In the first of these reference we see that for nonhyperelliptic curves not only the primes of bad reduction need to be bounded for carrying out the CM-method but also the primes of hyperelliptic reduction, which, so far, is not known how to be done. A full generalization of [Liu93, Thm.1] for genus 3 hyperelliptic curves is a challenging problem. In this paper we study a simplified version of it, see Theorem 6.5, by adding some assumptions on the reduction type of the jacobian of the curve. Even if they are strong assumptions, they are for example satisfied by CM curves.
1.3. Outline. In Section 2 we give the precise definition of what we understand by a modular invariant, see Def. 2.2, and we introduce the classical and algebraic theta constants we will use for writing down Siegle modular forms and to determine the type of reduction of certain genus 3 curves.
We present the different types of genus 3 hyperelliptic curves invariants in Section 3: Shioda's ones and Tsuyumine's ones. We describe the (dis)advantages of each set of generators of invariants of binary octics. Later, in Section 4 we give a passage formula from Tsuyumine invariants to Shioda's ones and vice versa, see Theorems 4.1 and 4.2.
As a consequence of this passage formula we provide good (absolute, modular and with some control on its denominators) invariants for performing the CM-method for genus 3 hyperelliptic curves in Section 5 and we give a very explicit criterion for determining the reduction type of genus 3 hyperelliptic curves for which the stable reduction of its jacobian is again a principally polarized abelian variety (p.p.a.v.) of dimension 3 (for example CM curves) in terms of the valuation of its invariants, see Theorem 6.5 in Section 6.
Modular invariants
Let A be a principally polarized abelian variety of dimension g over the complex numbers. As a complex torus we can write it as
A theta function is a holomorphic function of (z, τ ) ∈ C g × H g :
Where we define:
, and (2.1)
In this context, m is called a characteristic or theta characteristic, and the value 
From this we conclude that all odd theta constants vanish. Furthermore, we have that if n ∈ 2Z 2g , then ϑ[m + n](z, τ ) is equal to ϑ[m](z, τ ) or its opposite. In other words, if m is modified by a vector with even integer entries, the theta value at worst acquires a factor of −1. This is why we say that they are modular forms of weight 1 2. More precisely, even theta constants are modular forms of weight 1 2 with respect to the finite index subgroup Γ g (4, 8) ⊂ Γ g = Sp(2g, Z). Hence, isomorphic p.p.a.v. have, up to multiple, equal values for ϑ[m](0, τ )
2 . An elliptic curve has 3 even (and non-zero) theta constants, an indecomposable p.p.a. surface has 10 even (and non-zero) theta constants and p.p.a. threefolds have 36 even theta constants that are all non-zero in the non-hyperelliptic jacobian case and exactly one equal to zero in the hyperelliptic case [Igu67, Lem. 11].
We are now going to define theta constants in a more general setting.
2.1. Algebraic Theta constants. Let R be a ring and S = Spec R. Let X R be an abelian scheme and L be a relatively ample line bundle on X such that
Following [Mum06, Prop. 5 .11] (see also loc. cit. Definition. 5.8), in the special case where S = Spec C and L is the basic line bundle on X τ = C g (Z g + τ Z g ) (see loc. cit. p. 36), then s is uniquely defined up to a multiplicative constant and there is a unique choice of such that Let C K be a genus 3 curve over a complete discrete valuation field of characteristic different from 2. Let (ϑ i ) 36 i=1 be its integral algebraic theta constants, i.e., they are integral and the minimum of their valuations is equal to 0 (this may be attained after multiplying all of the by a common factor). Then:
(1) C is non-hyperelliptic if and only if all of them are non-zero. valuation: this is a consequence of (3) and (4).
Statements (1) and (2) 
where E is a vector space of dimension 3 (or 2) and G = GL(E).
There exists a morphism to the moduli space of genus g curves
be the universal curve, and let λ be the invertible sheaf associated to the Hodge bundle, namely
Let F ∈ X 0 d and let η 1 , ..., η g be the basis of regular differential on C F defined before. Let γ 1 , ..., γ 2g be a symplectic basis of H 1 (C, Z). The matrix
belongs to the set of Riemann matrices and τ = Ω −1
be a geometric Siegel modular form,f ∈ R g,h (C) the corresponding analytic modular form, and Φ = σ(θ * f ) the corresponding invariant. In the above notation,
* is called a modular invariant. In this situation, a modular expression for Φ is a Siegel modular formf such that the equality in Theorem 2.1 holds.
Modular expressions for Igusa (genus 2 curves) invariants are in [Igu67, pag. 848] . Also in loc. cite, Igusa introduces a map ρ from Siegel modular forms of genus g to invariants of binary forms of degree 2g + 2. Tsuyumine makes it explicit for g = 3 in [Tsu86] .
2.3. Absolute invariants. As we have already discussed, while we can associated the values of its invariants to a curve, the isomorphism class is determined by those values in a projective space, that is, by these values up to a constant to some power. In order to avoid this ambiguity, we work with what we call absolute invariants. .
In [Mae90, Thm. B, p. 631], Maeda gives 6 algebraically independent absolute invariants which generate the field of absolute invariants for binary octics. Unfortunately their degrees are too large for practical computations.
Genus 3 hyperelliptic curves invariants
Let C K be a genus 3 hyperelliptic curve defined over a field of characteristic different from 2, then (maybe after a quadratic extension) it is given by an equation C ∶ y 2 z 6 = f (x, z) where f is a degree 8 homogeneous polynomial. When it is clear from the context and no confusion may appears, we also write f for the univariate polynomial f (x) = f (x, 1).
We refer to [LR12] for an introduction about hyperelliptic curves (or binary forms) invariants.
3.1. Shioda Invariants. In [Shi67] Shioda gives 9 invariants that generate the algebra of invariants of binary octic forms. The first 6 invariants are algebraically independent, while the last 3 are related to the first ones by 5 explicit relations. The discriminant D of binary octics is an invariant of degree 14 not contained in this set of invariants given by Shioda but that can be written in terms of them. Shioda invariants are defined in terms of transvectans: given a binary octic f , he defines the covariants
The relations for the last 3 invariants are of the form:
3)
The exact values of the constants are found in [Shi67, p. 1033].
The expressions of these invariants in terms of the coefficients of the curve are huge and non-practical for computational purposes. However, the transvectant construction is very efficient. Until the present paper no expression of Shidoa invariants in terms of theta constants or differences of roots of f were known.
Igusa map.
In [Igu67] Igusa shows the existence of an exact sequence:
where A(Γ 3 ) is the graded ring of modular forms for H 3 with resect to the modular group Γ 3 , S(2, 8) is the graded ring of invariants of binary forms of degree 8 and
where the product runs over the 36 even theta constants of a genus 3 curve, is the cusp form of weight 18 defining the closure of the set of hyperelliptic points [Tsu86] . The invariants in the image of ρ have degree degree divisible by 3. The map ρ is unique up to units. Another construction of this map is in [ Moreover, he gives the explicit description of these modular forms in term of the values of the theta constants and the values of ρ evaluated on them in terms of some binary octics invariants given as combinations of differences of roots of a binary octic.
We introduce the following notations
With this notation, the discriminant of f is given by the expression D = ∏ i<j (ij) 2 . Even if having the same degrees, these invariants are not Shioda invariants [Shi67] . The first seven ones are algebraicaly independent but not the last three, Tsuyumine does not compute the algebraic relations between them.
Tsuyumine invariants enjoys both nice properties we where looking for: a description in terms of diferences of roots of f and a modular expression. However, they are not easily computable, since even if one factors the polynomial f to get its roots, one still needs to go through all the permutation in S 8 . Their expressions in terms of the coefficients of f are huge. What we do in Proposition 4.1 is giving them in terms of Shioda invariants who are easily computable. Another nice property about Shioda invariants is that the reconstruction of the curve from them is known and implemented [LR12, Sec. 2.3]. We believe both invariants have nice properties, we do not need to decide which ones to use, what we need is a passage formula between them.
Remark 3.3. Tsuyumine invariants are integral invariants, since they are polynomials with integer coefficients on the symmetric functions of the roots of the binary octic, that is, on their coefficients. However, Shioda invariants are not integer invariants, they have some denominators with powers of 2, 3, 5 and 7, see [LR12, Section 1.5]. These are precisely the primes for which Shioda invariants are not an HSOP. In his thesis [Bas15] , gives HSOP's for the characteristics p = 3 and 7 and the same techniques may be used to get un HSOP for p = 5.
Following [Tsu86] we have: 
These relations can be used to give modular expressions for some invariants of binary octics.
Corollary 3.5. Let C ∶ y 2 = f (x) be a genus 3 hyperelliptic curve with period
In particular, we have a modular expression for the invariants I k D k whose determine the isomorphism class of C.
Remark 3.6. Only invariants of hyperelliptic genus 3 curves of degree multiple of 3 are modular.
Remark 3.7. In [LR19] , the authors give modular expressions for certain combinations of the Dixmier-Ohno invariants of non-hyperelliptic genus 3 curves (plane quartics).
Shioda invariants in term of Tsuyumine invariants
In this section we compute the relations between Tsuyumine's invariants and Shioda's ones. The computations are just linear algebra and interpolation techniques. i=2 n i = n. By taking enough hyperelliptic curves of genus 3 and computing their Tsuyumine and Shioda invariants we get enough conditions to solve a linear system that produces as solution the coefficients of the combination of Shioda invariants needed to obtain each Tsuyumine invariant. Notice that even if Tsuyumine invariants are a priori difficult to compute, for the interpolation we can consider curves such that f (x, z) completely factors over Z.
The computations have been performed with Magma [BCP97] . See Appendix 1 for the code used for n = 4. Proof. Since none of the coefficients of J n for I n in Theorem 4.1 are zero, we can (and do) compute the inverse transformations to obtain Shioda invariants in terms of Tsuyumine invariants. 
′ , γ ′′ , ′ and ′′ can be explicitly computed.
Proof. Make the substitution of Shioda invariants in equations 3.1,3.2,3.3,3.4 and 3.5 by their expressions in terms of Tsuyumine invariants in Theorem 4.1.
Absolute modular invariants for genus 3 hyperelliptic curves
In order to construct CM genus 3 hyperelliptic curves by the CM method, we need modular absolute invariants whose denominators only contains primes of bad reduction, that is, those ones we are able to control after the results in [BCL + 15, KLLG
+ 16]. The modular condition is needed to be able to compute them from the period matrix, and the absolute condition is asked for not having to work with the parts 2iπ and det Ω 2 of the modular expressions of the invariants, see Theorem 2.1.
We start with the weighted projective invariants:
(I 2 ∶ I 3 ∶ I 4 ∶ I 5 ∶ I 6 ∶ I 7 ∶ I 8 ∶ I 9 ∶ I 10 ). A naive way of proceed will be taking the absolute invariants: The good idea to get the desired properties is to normalize with a degree 1 quotient of invariants of the form J = D J 0 : the degree 1 conditions permits to fix the isomorphism class, and using D forces to only have primes of bad reduction dividing the numerator of J and hence the denominator of the absolute invariants 2 .
2 Another advantage of having the discriminant in the denominator of these invariants is that they are always defined since smooth curves have non-zero discriminant.
We will take J 0 = I 2 2 I 3 3 , but other choices would be possible. We obtain the following absolute invariants: These quotients of modular forms fit into the assumptions of [IKL + 19b, Thm. 1.1] and look like good candidates to run the CM-method for genus 3 hyperelliptic curves.
Even if considering very big degree quotients of invariants (this is the price to pay for getting J = D J 0 ), computations with them are not expected to be very expensive since they involve big powers of just a few modular functions.
Bad reduction of genus 3 CM hyperelliptic curves
Let K be a field of characteristic different from 2, and let A be a principally polarized abelian variety of dimension 3. As we discussed in Section 2.1 we can attach to it the values of its 36 even theta constants {ϑ i } 36 i=1 . Theorem 6.1. Let A K be a principally polarized abelian variety of dimension 3. Then the number of even theta constants equal to 0 is: -0 if and only if it is the jacobian of a non-hyperelliptic curve.
-1 if and only if it is the jacobian of a hyperelliptic curve.
-6 if and only if it is the product of an elliptic curve and a genus 2 jacobian with the product polarization. -9 if and only if it is the product of three elliptic curves with the product polarization.
Proof. The only possibilities being 0, 1, 6, 9 is actually proved in [Gla80] when the abelian variety is defined over the complex numbers. Since to prove it only the algebraic relations of the theta constants are used and these are still valid for algebraic theta constants, the result remains true for any field.
The only options for a p.p.a.v. of dimension 3 are being a jacobian of a genus 3 curve or the product of an elliptic curve and a p.p.a.v. of dimension 2. We compute the number of zero theta constants in each case to conclude the result in the Theorem.
The jacobian cases are classic and well-known, see for instance[LLGR19, Section 2] for a proof.
The cases with a decomposable polarization are the cases E × B (with B a genus 2 jacobian) and E 1 × E 2 × E 3 and the argument is analogous in both of them. Let us detail the case A = E 1 × E 2 × E 3 with the product polarization. By [RF74, Chp.1, Thm. 11], we have that ϑ Let us take now K to be a discrete valuation field of characteristic different from 2 with uniformizer π and valuation v. We are interested in studying the reduction type of the stable model of genus 3 hyperelliptic curves defined over K.
be the even theta constants of C. There exists an element λ ∈K * such that the minimal valuation of the normalized values {λ ⋅ ϑ i } 36 i=1 is equal to 0. We say that {v(λ ⋅ ϑ i )} 36 i=1 are the normalized valuations of the theta constants of C. Proposition 6.2. Let C K be a hyperelliptic genus 3 curve. Then (i) (after normalization) the valuation of exactly 6 theta constants is positive if and only if there exists a model of C ∶ y 2 = f (x) for which the associated cluster picture [DDMM18, Def. 1.26] is (ii) (after normalization) the valuation of exactly 9 theta constants is positive if and only if there exists a model of C ∶ y 2 = f (x) for which the associated cluster points structure is Moreover, from those models we can compute the special fiber of the stable model of the curve.
Proof. We argue as in the proof of [LLGR19, Thm. 1.6]. If the cluster pictures are as indicated, then [DDMM19, Table 9 .1] gives the reduction type and Theorem 6.1 gives the number of thetas with positive valuation. Alternatively, for seeing the reduction type, we can also directly compute the positive genus components of the stable model. In the first case:
and the special fiber of the stable model is made of the genus 2 curveȳ 2 =x(x − 1)(x −ᾱ 3 )(x −ᾱ 4 )(x −ᾱ 5 ) union the elliptic curveȳ 2 =x(x −ᾱ 6 )(x −ᾱ 7 ). In the second case:
and the special fiber of the stable model is the union of the elliptic curves:
Now, for the direct implications, as in [LLGR19, Thm. 1.6], this is the most difficult part. We are going to explicitly construct the models. Let us start with a model:
where we have taken α 1 = 0, α 2 = 1 and α 8 = ∞.
Assume that the jacobian of the hyperelliptic curve reduces modulo π to the product of three elliptic curves with the product polarization. Proposition 6.2 implies that (after normalization) exactly 9 of the even theta characteristic are 0 modulo π. Then, as in the proof of Theorem 6.1 we may assume after renaming, that the 9 theta constants with positive valuations are the ones with characteristic: , recall that we have taken a 1 = 0 and a 2 = 1. In the same fashion, we will compute 1 − a i = 
Z
2g given by
] . This is just a permutation of the indices of the eta map given by Mumford, see [Mum07b] . For this map we have U η = {1, 3, 5, 7} and ϑ[U η ](Z) = ϑ [ 111 101 ] (Z) = 0, corresponding to the only zero even characteristic of a genus 3 hyperelliptic curve, which is compatible with the previous choices we made. In particular, v 6 = ∞.
Then, by Takase's formula and the previous computations, we have the nonnegative valuations:
We detail here the computations for −a 3 = a 1 − a 3 : with the notation as in [Tak96, Thm.1.1], k = 1, l = 3, m = 2, U η = {1, 3, 5, 7}, V = {4, 5}, W = {6, 7}, so
, and all these theta constants have zero valuation. From the previous valuations being non-negative, we get the following inequalities: , we get v 7 = v 1 . If we make v 1 = r, we have v 1 = v 2 = v 3 = v 7 = v 8 = r, v 4 = v 5 = 2r and v 6 = ∞. Hence,
Which yields the cluster picture claimed in the Proposition. For the case of a product of an elliptic curve and a genus 2 jacobian we proceed in a similar fashion.
6.1. A degree 20 invariant. Let us define the following binary octic invariant of degree 20:
This is indeed an invariant.
Lemma 6.3. Let n be an even integer. An expression I = ∑ Sn ∏ i≠j (ij) e(i,j) with e(i, j) ∈ Z satisfying ∑ i e(i 0 , i) + ∑ i e(i, i 0 ) = e ∈ Z for all i 0 defines an invariant of degree e for binary forms of degree n.
be a binary form of degree n, then (ij) = α i β j − α j β i . The condition of ∑ i e(i 0 , i) + ∑ i e(i, i 0 ) = e being constant is for having I well defined independently of the choice of α i and β i that can be done up to a multiple. The action of Remark 6.4. Notice that if e(i 0 , j 0 ) + e(j 0 , i 0 ) is odd for some i 0 , j 0 ∈ {1, . . . , n} then the invariant I is zero since for each term in the sum corresponding to σ ∈ S n we always have the opposite one corresponding to π i0,j0 ○ σ ∈ S n where π i0,j0 is the transposition of indexes i 0 and j 0 .
Given a binary form f = β ∏ 8 i=1 (x − α i z), if three of its roots are equal (let us say α 1 = α 2 = α 3 ), then only 3! ⋅ 5! terms of I 20 (f ) are not necessarily equal to zero: those that correspond to the terms (45678) 2 (123, 45678) 4 permuted by permutations leaving invariants the sets {1, 2, 3} and {4, 5, 6, 7, 8}. Moreover, all of them are equal and equal to zero if and only if there exists another root equal to α 1 or another pair of multiple roots.
Let K be a discrete valuation field with valuation v and characteristic of its residue field equal to p ≠ 2. Let Sh = {J 2 , . . . , J 10 } be the set of Shioda invariants if p ≠ 3, 5, 7 or the corresponding set of invariants forming an HSOP for genus 3 hyperelliptic curves if p = 3, 5, 7, see the paragraph before Corollary 3.18 in [LLLGR18] for more details. We define the normalized valuation v Sh (I(C)) for any other invariant I of weight w of a genus 3 hyperelliptic curve C ∶ y 2 = f (x) as in [LLLGR18, pp. 3-4]: v Sh (I(C)) = v(I(C)) w − min Ji∈Sh {v(J i (C)) i}.
Theorem 6.5. Let C ∶ y 2 = f (x) be a hyeprelliptic genus 3 curve defined over a discrete valuation ring O K whose residue field k has characteristic different from 2 and such that the reduction of the jacobian of its stable model is still a p.p.a.v. of dimension 3. Then, .1 tells us that there are only two cases to distinguish: having 6 or 9 theta constants with positive valuation. By Proposition 6.2 we know that these cases are determined by having models with the cluster picture described there. Then previous discussion on the annulment of I 20 gives cases (ii) and (iii).
Now, and again with the notation in [LLLGR18]:
Corollary 6.6. Let C be a hyeprelliptic genus 3 curve with CM and let p be a prime of bad reduction (i.e. v Sh (D) > 0) with p ∤ 2. Then the stable reduction of C is made up of three elliptic curves if and only if v Sh (I 20 (C)) > 0. Otherwise, the stable reduction is the product of an elliptic curve and a principally polarized abelian surface.
Proof. By [BCL + 15, Prop. 4.2] the stable reduction of a CM curve is tree-like and we can apply Theorem 6.5. stable model is C 2 ∶ y 2 = x(x − 2)(x + 2)(x − 5)(x + 5) and, after a suitable change of variable as described in the proof of Proposition 6.2, we also get the elliptic curve: C 1 ∶ y 2 = x 3 + x. So,C = C 1 ∪ C 2 andJ(C) = C 1 × J(C 2 ). We look now at p = 7. In [Bas15, Prop. 4.3.3] the author gives an HSOP for hyperelliptic genus 3 curves with weights {3, 4, 5, 6, 10, 14}. We compute:
(J 3 (C), J 4 (C), J 5 (C), J 6 (C), J 10 (C), J 14 (C)) ≡ (0, 3, 0, 2, 1, 3) mod 7, so p = 7 is a prime of geometrically bad reduction and v Sh (I 20 (C)) > 0. Hence, Corollary 6.6 implies that the special fiber of the stable model is the union of 3 elliptic curves. Actually, by studying the reduction of f (x) modulo 7 and arguing as in Proposition 6.2 we find that the 3 elliptic curves have j-invariant equal to 1728 ≡ 6 mod 7.
